Chevalley Groups Associated to Elliptic Lie Algebras  by Takebayashi, Tadayoshi
 .JOURNAL OF ALGEBRA 210, 498]513 1998
ARTICLE NO. JA987556
Chevalley Groups Associated to Elliptic Lie Algebras
Tadayoshi Takebayashi
Department of Mathematics, School of Science and Engineering, Waseda Uni¨ ersity,
Ohkubo Shinjuku-ku, Tokyo 169, Japan
E-mail: takeb@logic.info.waseda.ac.jp
Communicated by Walter Feit
Received November 11, 1997
1. INTRODUCTION
An elliptic Lie algebra g also called a toroidal Lie algebra or extendedÃ
.affine Lie algebra has a realization of being a universal central extension
w "1 "1 xof 2-fold affinization k T , S m g , where g is the finite-dimensional
w "1 "1 xcomplex simple Lie algebra, and k T , S is the ring of two-variable
w xLaurent polynomials with coefficients in a field k. Moody et al. M-R-Y
constructed the integrable representations of g , called vertex representa-Ã
w x tions, and after that, using them, Shi Sh constructed a group a toroidal
.group associated to g. In this paper, we construct a group associated to g ,Ã Ã
in the following way. Let r be a faithful representation of the Lie algebra
g on a finite-dimensional complex vector space. Using r and a Chevalley
w xbasis of g , Chevalley Ch1, Ch2 and Demazure constructed an affine
 .group scheme G D, over Z, where D is the root system of g withr
 .  .respect to a fixed Cartan subalgebra, and G D, is called the Cheval-r
 .ley]Demazure group scheme associated to g and r. Since G D, is ar
representable covariant functor from the category of commutative rings
 .with 1 to the category of groups, one can get a group G D, of the pointsr
 .of a commutative ring R with 1. It is written simply G R when D is
 .arbitrary or fixed, and G R is called a Chevalley group over R. For each
root system a g D, there is a group isomorphism of the additive group Rq
 .  .of R onto a subgroup X of G R . The subgroup of G R generated by alla
 .X , a g D, is denoted by E R and called the elementary subgroup ofa
 . w x  w y1 x.G R . Morita Mo showed that the elementary subgroup E k T , T of
 w y1 x.a Chevalley group G k T , T has the structure of a Tits system with an
affine Weyl group. As an extension of the preceding results, we examine
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 w "1 "1 x.the algebraic structure of the elementary subgroup E k T , S of a
 w "1 "1 x.  w "1 "1 x.Chevalley group G k T , S , where G k T , S is considered as
a Chevalley group associated to the elliptic Lie algebra g. The ellipticÃ
w xWeyl group defined from the elliptic root system Sa is not a Coxeter
 w "1 "1 x.group, so we see that E k T , S does not have a Tits system
 w x.associated to its Weyl group see Bo . We write down some relations of
 .the generators of the Weyl group defined from E R , where we set2
w "1 "1 xR [ k T , S ; they are a little different from those of the elliptic2
w x w xWeyl group S-T . In the case of affine Lie algebra, Garland G and
w x  ..Iwahori and Matsumoto I-M showed the following result. Let k T s
ww y1 xx. w y1 x  ..k T , T denote the T-adic completion of k T , T ; i.e., k T is the
ring of all formal Laurent series s s  q T i, q g k, where the sum oniG i i i0
the right is allowed to be infinite, and it is called a local field. Then
  ...E k T has the structure of a Tits system associated with the affine
 ..Weyl group of D. As an extension to the 2-dimension of k T , one can
 .. ..  w x.consider the iterated power series K s k T S see P1, P2 , which is
a two-dimensional local field with a discrete valuation ring O sK
 ..ww xxk T S ; i.e., K is the quotient field of O whose residue field is aK
 ..one-dimensional local field K s k T with residue field k. We define the
 . w xelementary subgroup E K , in this case, using the result by Abe A , and
 .  .we see that SL n, K s E K . In a similar way as in the case of SL over2
 . w xa p-adic field one-dimensional local field H2 , we have the decomposi-
 X . X ww xx  ..ww xxtion SL 2, O s B j Bw B, where O s k T [ Sk T S , the groupK 1 K
 .B is equal to the inverse image of the B from the SL 2, K and B is the
0 1 .inverse image of the Borel subgroup of SL 2, k , and w s is an1  /y1 0
 .element of the Weyl group of SL 2, K .
2. DEFINITION OF CHEVALLEY GROUPS AND
SOME RESULTS
Let g be a finite-dimensional complex simple Lie algebra, let D be a
 .root system of g with respect to a fixed Cartan subalgebra h , and let
 4P s a , . . . , a be a set of simple roots relative to some fixed ordering.1 l
Ä .  .Let W D be the Weyl group of D, and W D the affine Weyl group of D.
 :  .  .  .For a , b g D, we set b , a [ 2 b , a r a , a , where , is a scalar
 .product, which is invariant under W D . For each a g D, w denotes thea
Ã .  :reflection with respect to a , defined by w b [ b y b , a . Set D [ Da
Ã n, p.= Z = Z; then an element of D is represented by a , where a g D,
Ãn, p g Z, and D is identified with an elliptic root system introduced by
n, p. Ã n, p.w xSaito Sa . For each a g D, let w be the reflection with respect toa
n, p. n, p. m , q.  .my b , a :n, qy b , a : p. m , q.a , defined by w b s w b for any ba a
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Ã Ã n, p. n, p. Ã .g D. Let W D be the group generated by w for all a g D. Thena
Ã . w x  .W D is the elliptic Weyl group S-T . We note that W D is identified with
Ã 0, 0. Ä .  .the subgroup of W D generated by w for all a g D, and W D (a
 n, 0. 4  0, p. 4 n, p. n, p. 0, 0.y1w , a g D, n g Z ( w , a g D, p g Z . Set h s w wa a a a a
Ã Ã n, p. .  .and let H D be the subgroup of W D generated by h for alla
n, p. Ã w xa g D. Then in a similar way to Mo , we have the following.
n, p. m , q. Ã n, p. m , q. .LEMMA 2.1. 1 Let a and b be in D. Then h b sa
b mq b , a :n, qq b , a : p..
Ã 1, 0. 0, 1. .  .2 H D is a free abelian group generated by h and h for alla ai i
a g P.
n, p. m , q . Ã .3 Let a and b be in D , and g s w b . Thena
w n, p.hm , q.w n, p.
y1 s hm , q..a b a g
Ã Ã .  .  .  .4 W D s H D ? W D .
n, p. Ã Ã m , q. n, p. y1 .  .5 Let a be in D and w in W D and set b s wa w .
Then ww n, p.wy1 s w m , q..a b
Ãq q Ãq .  .  .Let D s D = Z = Z j D = Z = 0 j D = 0 = 0 . Then D) 0 ) 0
is identified with the set of positive real roots of the elliptic root system
w x  4defined in B-C . Let H , . . . , H , e , a g D be a Chevalley basis of ga a a1 lw xC . Let r be a faithful representation of the Lie algebra g on a
 . finite-dimensional complex vector space and let G D, we simply writer
. wG be a Chevalley]Demazure group scheme associated with g and r Ch1,
xCh2 . Let A be a universal enveloping algebra of g , A the subring of AZ
generated by 1 and ekrk! for all a g D and k g Z , and g sa ) 0 Z
l Z H q  Ze a Chevalley lattice in g. Let V be the representa-is1 a a g D ai
tion space of r, L the weights of V with respect to h , and V s @ Vmg L m
the weight decomposition of V. Let M be an admissible lattice in V; i.e.,
M is the Z-span of a basis of V, invariant under A , and set M s M l V .Z m m
w "1 "1 xLet R s k T , S be the ring of Laurent polynomials with coeffi-2
Ã Ãcients in a field k, and set M s R m M and M s R m M . For each2 Z m 2 Z m
t g k, n, p g Z, and a g D,
2n p n p 2 2 n 2 pexp tT S r e s 1 q tT S r e r1!q t T S r e r2!q ??? .  .  .a a a
Ãinduces an automorphism of M under the following action:
kk nk pkt T S r e rk! f m ¨ .  . .a
kk nk pks t T S f m r e rk! ¨ , where f g R and ¨ g M . . .  .a 2
 n p  . :  .Then X s exp tT S r e ; t g k, n, p g Z is a subgroup of G R anda a 2
 .isomorphic to the additive group of R . Let E R denote the subgroup of2 2
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 . n, p. .  n p .G R generated by X for all a g D. We write x t s x T S t s2 a a a
n p  . Uexp tT S r e for each a g D, n, p g Z, and t g k. Let k be thea
multiplicative group of k. For each a g D, n, p g Z, and t g kU , we set
w n , p. t [ x n , p. t x yn , yp. yty1 x n , p. t , .  .  .  .a a ya a
y1n , p. n , p. 0 , 0.h t [ w t w 1 . .  .  .a a a
n, p. n p n, p. n p Ã .  .  .  .We note that w t s w T S t , h t s h T S t . Let U be thea a a a
n, p. n, p. Ãq .  .subgroup of E R generated by x t for all a g D and t g k,2 a
0, 0. U Ã .H the subgroup generated by h t for all a g D and t g k , B thea
Ã Ãsubgroup generated by U and H, and N the subgroup generated by
n, p. n, p. Ã U .w t for all a g D and t g k . Then we have the following threea
w xlemmas, whose proofs are similar to those found in Mo, Ste .
n, p. m , q. ÃLEMMA 2.2. Let a and b be in D, and assume a q b / 0.
Then
n , p. m , q.  inqjm , i pqjq. i jx t , x u s x c t u .  .  .a b iaqj b i j
for all t, u g k, where the product is taken o¨er all roots of the form ia q j b ,
w xi, j g Z in some fixed order and the c 's are as in Ste, Lemma 15 .) 0 i j
Proof. Let j and h be indeterminates, and let a and b be in D such
that a q b / 0. Then we have
i jexp j e , exp he s exp c j h ea b i j iaqj b
ww xx  w x.in A j , h , where c g Z cf. Ste, Lemma 15 . The representation rZ i j
 .induces a map, also denoted r, of A to End M because M is admissi-Z
Ã .  .ble. The map r ª id m r of End M to End M yields a map, again
Ã Ã . ww xx  .called r, of A to End M , and next maps A j , h to End M asZ Z
follows: for t, u g k and u g A ,i j Z
u j ih j ª t iu jT inqjmS i pqjqr u , . i j i j
ij ij
"1 "1 Ã Ãw x  .  .where if f g k T , S , g g End M then fg is the element in End M
which is ``first act by g and then left multiply by f.'' Then the lemma is
w xproved as in Mo .
LEMMA 2.3. Let a be in D, m and n in Z, and t and u in kU. Then
n, p. Ã  m , a :  m , a :n  m , a : p .  .1 h t acts on M as multiplication by t T S .a m
 . m , q. . n, p. . mqn, qqp. .2 h t h u s h tu .a a a
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n, p. m , q. ÃLEMMA 2.4. Let a and b be in D, and set g s w b. Thena
 . n, p. . m , q . . n, p. .y1 my b , a :n, qy b , a : p. y b , a : .1 w t x u w t s x ct ua b a g
U w xfor any t g k and u g k, where c is as in Ste, Lemma 19 .
 . n, p. . m , q. . n, p. .y12 w t w u w t sa b a
my b , a :n, qy b , a : p. y b , a : .w ct u .g
 . n, p. . yn, yp. y1 .3 w t s w yt .a ya
 . n, p. . m , q. . n, p.y1 m , q. . U4 w t h u w s h u for any t, u g k .a b a g
 . n, p. . m , q. . n, p. .y1 mq b , a :n, qq b , a : p.  b , a : .5 h t x u h t s x t u .a b a b
 . n, p. . m , q. . n, p. .y1 mq b , a :n, qq b , a : p.  b , a : .6 h t w u h t s w t u .a b a b
 . n, p. . m , q. . n, p. .y1 m , q. .7 h t h u h t s h u .a b a g
 . 0, 0. .Let N be the subgroup of E R generated by w t for all a g D and2 a
U Ã n, p. n, p. Ã .t g k , and H the subgroup generated by h t for all a g D anda
t g kU. Then we have the following, whose proof is similar to that found in
w xMo .
Ã Ã .LEMMA 2.5. 1 B s U ? H.
Ã Ã .2 H and H are normal subgroups of N.
Ã Ã Ã .3 N s HN and H l N s H.
Ã Ã .  .4 NrH ( W D .
Ã n, p.In the sequel, we assume D is of rank 1, then D s "a , n, p g Z,
Ãq n, p. n, 0.4 "a g D , and D s "a , n g Z, p g Z , "a , n g Z , and) 0 ) 0
0, 0. n, p. Ã n, p.4  .a . Set E s E R and for each a g D, let X be the sub-2 a
n, p. . 0, 0. 1, 0.group of E generated by x t for all t g k. We identify w , w ,a a ya
0, 1. 1, 1. Ã 0, 0. 1, 0. 0, 1. 1, 1. .  .  .  .  .w , and w in W D with w 1 , w 1 , w 1 , and w 1 ina ya a ya a ya
Ã 0, 0. 1, 0. U 0, 1.N, respectively, and we simply write w [ w , w [ w , w [ w ,1 a 0 ya 1 a
and wU [ w 1, 1.. Then the following statements hold.0 ya
 . n, p. y1 n, p.LEMMA 2.6. 1 w X w s X .1 a 1 ya
 . n, p. y1 n, p.2 w X w s X .1 ya 1 a
 . n, p. y1 nq2, p.3 w X w s X .0 a 0 ya
 . n, p. y1 ny2, p.4 w X w s X .0 ya 0 a
 . U n, p. Uy1 n, py2.5 w X w s X .1 a 1 ya
 . U n, p. Uy1 n, pq2.6 w X w s X .1 ya 1 a
 . U n, p. Uy1 nq2, pq2.7 w X w s X .0 a 0 ya
 . U n, p. Uy1 ny2, py2.8 w X w s X .0 ya 0 a
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 .Proof. From Lemma 2.4 1 , we have the following relations:
y1 y2w t x u w t s x yt u , .  .  .  .a a a ya
y1 2w t x u w t s x yt u , .  .  .  .a ya a a
y1 2w t x u w t s x yt u , .  .  .  .ya a ya ya
y1 y2w t x u w t s x yt u . .  .  .  .ya ya ya a
n, p. .  n p .From the preceding relations and the fact that w t s w T S t , wea a
have
y1n , p. m , q. n , p. my2 n , qy2 p. y2w t x u w t s x yt u , .  .  .  .a a a ya
y1n , p. m , q. n , p. mq2 n , qq2 p. 2w t x u w t s x yt u , .  .  .  .a ya a a
y1n , p. m , q. n , p. mq2 n , qq2 p. 2w t x u w t s x yt u , .  .  .  .ya a ya ya
y1n , p. m , q. n , p. my2 n , qy2 p. y2w t x u w t s x yt u . .  .  .  .ya ya ya a
Using these, we can prove the lemma.
Further we have the following statements.
Ã y1 Ã Ã Ã .LEMMA 2.7. 1 w Bw ; B j Bw B.1 1 1
Ã y1 Ã Ã Ã .2 w Bw ; B j Bw B.0 0 0
U Ã Uy 1 Ã Ã n, 2. Ã Ã n, 1. Ã Ã 0, 0. Ã .3 w Bw ; BjD Bw BjD Bw BjBw B.1 1 ng Z a ng Z a aF 0
U Ã Uy 1 Ã Ã n, 2. Ã Ã n, 1. Ã .4 w Bw ; B j D Bw B j D Bw B.0 0 ng Z ya ng Z yaF 1
Ã Ã Ã .  .Proof. 1 From Lemma 2.5 1 , B s U ? H and U is generated by
n, p. n, p. n, p. n, p. ÃqX and X for a and ya g D , respectively. By Lemmaa ya
 .  . 0, 0. n, p. n, p.2.6 1 and 2 , except for the element X , all the elements X , Xa a ya
Ã n , p . y 1 Ã n , p . y 1 Ãg U satisfy w X w g U, w X w g U, and actually1 a 1 1 y a 1
0, 0. y1 0, 0. 0, 0. . 0, 0. y1 .w X w s X . However, from the relation x t s x t1 a 1 ya a a
0, 0. y1 0, 0. y1 Ã Ã 0, 0. y1 0, 0. Ã Ã .  .w yt x t g Bw B, we see w X w s X g Bw B.a a 1 1 a 1 ya 1
y1 Ã y1 Ã Ã Ã .Further, by Lemma 2.5 2 , w Hw ; H, so we get w Bw ; B j Bw B.1 1 1 1 1
The other relations are proved similarly.
3. RELATIONS OF THE GENERATORS OF THE WEYL
 .GROUP DEFINED FROM E R2
In this section, we write down some relations of the generators of the
Weyl groups of the elliptic root systems A1, 1., B1, 1., C 1, 1., and D1, 1.l l l l
 .defined from the group E R ; the relations are induced from the rela-2
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n, p. . 1, 1. 1, 1. 1, 1. 1, 1.tions of w t . Dynkin diagrams of A , B , C , and D area l l l l
given in the Appendix.
U U  U U4Let a , b , a , b g a , a , . . . , a , a be the roots corresponding to0 0 l l
the vertices of the Dynkin diagram, let a, b, aU , bU denote the correspond-
ing reflections, and let A and B denote a , aU and b , b U , respectively,
and further, with an abuse of notation, they denote a, aU and b, bU ,
respectively. Then we have the following.
THEOREM 3.1. For any subdiagram of the Dynkin diagrams, the following
relations hold.
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Remark 1. From diagram II I1 , we obtain a2 s aU 2.3
 . U U  . UProof. We have the following relations: i a BaB s BaBa , ii aBa B
U  . 2 2  . 2 2  .  . Us Ba Ba, iii A B s BA , iv AB A s B . From i and ii , aBa s
By1aUBaB, aBaU s BaUBaBy1. Then we get By1aUBaB s BaUBaBy1. We
U  .  .multiply by a and a in the preceding equation, and use iii and iv to get
a2 s aU 2.
Remark 2. From diagram II , we obtain B4 s 1.2
 . 2 2  . 2 2Proof. We have the relations: i BA B s A , ii AB s B A. We
 . 2 2 2 2  . 4multiply by B in i , so we get B A B s A , and, using ii , we get B s 1.
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 4Proof of Theorem 3.1. Let e , H N a g D be a Chevalley basis of ga a
satisfying
w xe , e s N e , a q b / 0,a b a , b aqb
N s yN s yN ,a , b b , a ya , yb
N s 0 if and only if a q b / 0, a q b f D ,a , b
N s " r q 1 if a q b g D , .a , b
where r is the largest integer such that b y ra g D.
If g is of type A , we have the following relations.l
w x  .LEMMA 3.2 Ste, St, Ma . If a , b , a q b g D D is of type A , thenl
 .  .  .  .y1  .1 w t w u w t s w N tu ,a b a aqb a , b
 .  .  .  .y1   y1 ..2 w t w u w t s w N yt u ,a aqb a b a , b
 .  .  .  .y1   y1 ..3 w t w u w t s w N yt u ,aqb a aqb yb a , b
 .  .  .  .y1  y2 .  2 y1.4 w t w u w t s w yt u s w t u .a a a ya a
U 0, 0. 0, 1. ÃWe identify the elliptic roots a , a with a , a in D, respectively.
n, p. .  n p . 0, 0. .  . UUsing w t s w T S t , we identify a [ w s w 1 s w 1 , aa a a a a
0, 1. .  .  .U[ w s w 1 s w S . From Lemma 3.2 4 , we see thata a a
y1 2 y1w t w u w t s w t u , .  .  .  .a a a a
y1 2 y1w t w u w t s w t u . .  .  .  .a a a a
From these, we get
2 2w t w u s w u w t , 0 .  .  .  .  .a a a a
so, for diagram 0, we obtain the relation a2aU s aUa2, aU 2a s aaU 2.
1, 1. 1, 0. .Diagrams ` and ` appear only in A , so we set a [ w s w 1 s2 4 1 a ya0
 .  y1 . U 1, 1. .  .  y1 y1.Uw T s w yT , a [ w s w 1 s w TS s w yT S ,ya a a ya ya a00, 0. .  . U 0, 1. .  .Ub [ w s w 1 s w 1 , b [ w s w 1 s w S . From these,a a a a a a1 1
 . 2 2 2 2for diagram ` , using 0 , we obtain A B s BA , AB s B A. For diagram2
` , we use the following fact4
ABCD s BCDA m BCDADy1 Cy1By1 s A ) .
 .  .  .  .and set A s w t , B s w s , C s w u , and D s w p , thena a a a
y1 y1 y1  2 2 y2 y1.  . 2 2 2 2BCDAD C B s w s p u t , so from ) we get s p s t u .a
Here s, p, t, and u are either of "1, "S, "Ty1Sy1, and "Ty1, so we
obtain the relation
aaU bbU s bUaaU b s bbUaaU s aU bbUa )) .
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and corresponding relations where we arbitrarily replace a, aU , b, and bU
by ay1, aUy 1, by1 and bUy 1, respectively. However, they are reduced to
 .the relations )) , by using the relation of ` . For diagram 0 , we obtain2 2
 .  .  .y1  .  .  .  .  .the relation w t w u w t s w u , so w t w u s w u w u .a b a b a b b a
 . U  .Since b s w 1 , b s w S , for diagram 0 , we obtain AB s BA. For theb b 2
a bdiagram , we obtain the relation` `
y1w t w u w t s w N tu , 1 .  .  .  . .a b a aqb a , b
y1w t w u w t s w yN tu . 2 .  .  .  . .b a b aqb a , b
 .From 1 , we obtain
y1 y1 y1w t w u w t s w t w u w t , 3 .  .  .  .  .  .  .a b a a b a
y1 y1w t w u w t s w u w t w u . 4 .  .  .  .  .  .  .a b a a b a
 .From 2 , we obtain
y1 y1 y1w t w u w t s w t w u w t , 5 .  .  .  .  .  .  .b a b b a b
y1 y1w t w u w t s w u w t w u . 6 .  .  .  .  .  .  .b a b b a b
 .  .From 1 and 2 , we obtain
y1 y1w t w u w t s w t w u w t , 7 .  .  .  .  .  .  .a b a b a b
y1 y1 y1w t w u w t s w t w u w t , 8 .  .  .  .  .  .  .a b a b a b
y1 y1w t w u w t s w u w t w u , 9 .  .  .  .  .  .  .a b a b a b
y1 y1 y1w t w u w t s w u w t w u . 10 .  .  .  .  .  .  .a b a b a b
U U  .  .We find that all the relations among a, a , b, and b in 3 ] 10 are
reduced to the following relations:
ABA s BAB, AB2A s B2 , BA2B s A2 .
For diagram I , from the relations3
y1 y1w s w t w s s w N ys t , .  .  .  . .a aqb a b a , b
y1 y1 y1w t w s w t s w N yt s s w N ys t , .  .  .  .  . .  .aqb a aqb yb a , b b a , b
we obtain
w t w s w t s w s w t w s , .  .  .  .  .  .aqb a aqb a aqb a
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 .  .  .y1  .and, noting that w t w u w t s w N tu , we obtainb a b aqb a , b
y1 y1w t w u w t ? w s ? w t w u w t .  .  .  .  .  .  .b a b a b a b
y1s w s ? w t w u w t ? w s . .  .  .  .  .a b a b a
Therefore we get
BaUBy1 ? a ? BaUBy1 s a ? BaUBy1 ? a
and
BaBy1 ? aU ? BaBy1 s aU ? BaBy1 ? aU .
U U  .  .For diagram I , all the relations of a, a , b, and b in 3 ] 10 are4
reduced to the following relations:
abaU s bUab, abUaU s bUaU b , aU ba s babU , aU bUa s baU bU .
a 2 bNext we examine the relations associated to the diagram . In this-` `
case, a , b , a q b , and a q 2b are roots, and their scalar products are
given by
a , b k s y2, b , a k s y1, a , b s y2, . .  .
a , a s 4, b , b s 2, a , a k s 2, b , b k s 2 .  .  .  .
 w x. w xsee Bo . Then the following relations hold Ma :
y1w t w u w t s w ctu , 1 .  .  .  .  .a b a aqb
y1 X y1w t w u w t s w c t u , 2 .  .  .  .  .a aqb a b
y1w t w u w t s w u , 3 .  .  .  .  .a aq2 b a aq2 b
y1 Y 2w t w u w t s w c t u , 4 .  .  .  .  .b a b aq2 b
y1w t w u w t s w yu , 5 .  .  .  .  .b aqb a aqb
y1 Z y2w t w u w t s w c t u , 6 .  .  .  .  .b aq2 b b a
 . X  . Y  . Z  .where c s c a , b , c s c a , a q b , c s c b , a , c s c b , a q 2b
 .  .equal "1. From 1 and 5 , we get
y1 y1w s w u w t w u w s s w yctu .  .  .  .  .  .b a b a b aqb
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 .and from 1 , we see that
y1w u w t w u s w yctu , .  .  .  .a b a aqb
y1 y1w u w t w u s w yctu , .  .  .  .a b a aqb
From the preceding relations, we get
w t w u w t w s s w s w t w u w t , 7 .  .  .  .  .  .  .  .  .a b a b b a b a
y1 y1 y1w t w u w t w s s w s w t w u w t . 8 .  .  .  .  .  .  .  .  .a b a b b a b a
 .  .From 3 and 4 , we get
y1 y1 2w s w u w t w u w s s w u t .  .  .  .  .  .a b a b a aq2 b
 .and from 4 , we see that
y1 2w u w t w u s w u t , .  .  .  .b a b aq2 b
y1 2w u w t w u s w u t , .  .  .  .b a b aq2 b
so from the preceding relations, we get
w t w u w s w u s w u w s w u w t , 9 .  .  .  .  .  .  .  .  .a b a b b a b a
y1 y1w t w u w s w u s w u w s w u w t . 10 .  .  .  .  .  .  .  .  .a b a b b a b a
U U  .  .We examine all the relations of a, a , b, and b in 7 ] 10 , and they are
I1  .reduced to the relations in II , II , and II . Further, from relation 1 , we2 3 3
obtain
y1 y1w t w u w t s w u w t w u , .  .  .  .  .  .a b a a b a
so we have the relation in II .4
4. CHEVALLEY GROUPS OVER TWO-DIMENSIONAL
LOCAL FIELD
w xWe recall the definition of a two-dimensional local field P1, P2 . We say
that K is a two-dimensional local field with k as the last residue field if K
 .is the quotient field of a complete discrete valuation ring O whoseK
residue field is a local field of dimension 1 with residue field k. The first
 .. ..residue field is denoted by K. As such an example, let K s k T S be
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 ..ww xx  ..the field of iterated power series with O s k T S , and K s k T .K
There exists the reduction map w : O ª K, and denote by m the maximalK
ww xx ww xxideal of the local ring O s k T ; then m s Tk T . There also existsK
X y1 .the canonical map f : O ª O rm ( k. Let O s w O be a subringK K K K
X X Uy1 .  .in K, and m s w m . Then m is the maximal ideal of O . Let O beK K
the group of units in OX . ThenK
X w x w xO s k T [ Sk T S , . .K
w x w xm s Tk T [ Sk T S , . .
UX U w x w xO s k [ Tk T [ Sk T S , .  . .K
with the obvious abuse of notation. The maps w and f induces the maps
of the matrices
w : SL 2, O ª SL 2, K , .  .K
f : SL 2, O ª SL 2, k , . .K
and we let the group B be the inverse image of the upper triangular group,
 .i.e., the Borel subgroup of SL 2, k , and let B be the inverse image of B
 .from SL 2, K . Then
UUX X XO O O O .  .K K K KB s , B s ,U UX /  /m O m O .  .K K
X U U . ww xxwhere O s k [ Tk T . Let N equal the subgroup of monomialK
matrices and W s NrT , where T s B l N. Then
UXO 0 .K  :T s and W s w , w , w ,UX 0 1 2 /0 O .K
y1 0 1 y10 yT 0 ySw s , w s , w s .0 1 2 / /  /y1 0T 0 S 0
We set
y1 a bX Xa T bP s SL 2, O , P s , with g SL 2, O . .  .1 K 0 K 5 / / c dTc d
 .Then P and P are subgroups of SL 2, K and we have the following.1 0
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PROPOSITION 4.1. For i s 0, 1, P s B j Bw B.i i
Proof. There exists a canonical map OX ª OX rm ( k, which induces aK K
X  X .  . X homomorphism f : P s SL 2, O ª SL 2, k . Clearly, ker f ; B in-1 K
. Xdeed, B is the inverse image of the upper triangular group . Note that f
0 y1  .sends w to g SL 2, k , which represents the nontrivial generator1 1 0
 .for the Weyl group in SL 2, k . Using the Bruhat decomposition in the
 .  . Xrank 1 group SL 2, k and the fact that ker f ; B, we get P s B j1
0 1  .Bw B by lifting back to P . Next the matrix g s g GL 2, K y1 1 T 0
 . y1 y1SL 2, K normalizes B, and g P g s P , g w g s w . So P s B j1 0 1 0 1
w xBw B forces P s B j Bw B, as shown in H2, Sect. 15.3, Lemma 2 .1 0 0
 .. ..An element of K s k T S can be written as
s T , S s q T iS j, q g k . .  i j i j
iGi , jGj0 0
 i, j. Ä  ..  .We set x s T , S [  x q and M [ K m M. Thena iG i , jG j a i j Z0 0
Ä  ..  .   ..x s T , S g Aut M , because, from the relation x s T , Sa a 1
  ..   .  ..   ..y1x s T , S s x s T , S q s T , S , we get x s T , S sa 2 a 1 2 a
Ã Ä  ..  .x ys T , S . We let E ; Aut M denote the subgroup generated by thea
  ..  .  .elements x s T , S , a g D, s T , S g K. For a g D and s T , S g Ka
 .with s T , S / 0, we set
y1w s T , S [ x s T , S x ys T , S x s T , S , .  .  .  . .  .  . .a a ya a
y1h s T , S [ w s T , S w 1 . .  .  . .  .a a a
w xSimilarly to the case of an affine Lie algebra G , we give the following
definition.
ÃDEFINITION 4.2. We let I ; E denote the subgroup generated by the
  .. q  . X yelements x s T , S , where either a g D , s T , S g O or a g D ,a K
 .   ..  .  X .Us T , S g m, and by the elements h s T , S , s T , S g O , a g D.a K
ÃWe call I the Iwahori subgroup of E.
We see the following.
Fact. If D is of type A , then I ( B.1
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